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Abstract
Pseudodifferential mode parabolic equations in curvilinear coordinates are
derived from the horizontal refraction equations. An energy-conserving split-
step Padé method for their numerical solution is developed. Several exam-
ples are considered including the propagation of sound in a perfect wedge,
a whispering gallery formation near circular isobath, and the breaking of
the whispering gallery waveguide in the vicinity of an inflection point of the
isobath.
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The Mode Parabolic Equations (MPEs) approach is a promising tool for
the simulation of sound propagation in shallow-water waveguides. MPEs in
ocean acoustics were first derived independently by Collins in [1] and Trofi-
mov in [2] (see also [3]). In their pioneering works, mode coupling was ne-
glected, and the derived equations were valid under the adiabatic assumption.
Later on, the theory of narrow-angle MPEs was also generalized to the case of
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resonant mode coupling [2, 4, 5]. In many important cases, adiabatic narrow-
angle MPEs even admit analytical solutions based on group-theoretical tech-
niques [6, 7]. Recently, it was shown that in waveguides where the horizontal
refraction is relatively strong the aperture of narrow-angle MPEs is insuffi-
cient to take all horizontal rays into account [4]. In such cases, Wide-Angle
MPEs (WAMPEs) must be used to lead to an accurate simulation of the
three-dimensional propagation of sound.
In many physical problems, some large portions of the acoustical en-
ergy emitted by a source in a shallow sea can be trapped in certain parts
of the computational domain. For example, in some recent works, it was
shown that, under certain conditions, whispering gallery waves localized in
the vicinity of a curvilinear isobath can be excited in a shallow-water waveg-
uide with bowl-like bottom [8] (e.g. in a bay or a lagoon). It is also known
that the sound field can be focused by an underwater canyon or trapped
between circular fronts of internal waves [9]. For such cases, it is natural to
derive and solve mode parabolic equations in curvilinear coordinates.
In the present study, we combine the aforementioned motivations and
derive PseudoDifferential [10, 11] MPEs (PDMPEs) in orthogonal curvilin-
ear coordinates. These equations have an arbitrarily wide aperture in the
horizontal plane. We also propose a numerical method for solving PDMPEs
on unbounded domains in the horizontal plane. This requires an artificial
truncation of the computational domain by using Perfectly Matched Lay-
ers (PMLs). The numerical solution consists in a marching scheme, where a
propagator associated with the PDMPE is evaluated at each step. The prop-
agator is in turn a pseudodifferential operator that is replaced in practice by
its Padé approximation. This technique was developed for similar equations
complemented by periodicity condition in [12] in the context of a scattering
problem.
The plan of the paper is the following. In Section 2, we introduce a modal
representation of an acoustical field lying in a 3D shallow-water waveguide
and provide the horizontal refraction equation. The pseudodifferential mode
parabolic equation in curvilinear coordinates is given in Section 3. Its numer-
ical solution, based on a marching algorithm, is detailed in Section 4. Three
numerical applications are developed in Section 5. Finally, we conclude in
Section 6.
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2. Modal representation of an acoustical field in a 3D shallow-water
waveguide and the horizontal refraction equation
In this Section, we recall some key notions and equations related to adi-
abatic theory of sound propagation in 3D shallow-water waveguides. The
physical conditions for the use of adiabatic approximation, as well as associ-
ated shortcomings and implications, are considered in many studies, e.g. in
[13, 14]. Therefore, we do not discuss them here.
MPEs are usually derived [1, 2] from the three-dimensional Helmholtz
equation for a sound field in shallow-water produced by a monotone point












P = −δ(x− xs, ys, z − zs) , (2.1)
where ω = 2πf is the cyclic frequency and c denotes the sound speed. In or-
der to properly formulate the sound propagation problem, some interface and
boundary conditions are required to be set up in addition to the Helmholtz
equation (in particular, in shallow-water the continuity conditions for sound
pressure and particle velocity at the water-bottom interface are of great im-
portance). The complete formulation can be found in many textbooks and
articles [3, 6, 13].
The solution of (2.1) can be represented in the form of the modal expan-
sion
P (x, y, z) =
Nm∑
j=1
Aj(x, y)φj(z, x, y) , (2.2)
where Aj(x, y) are modal amplitudes, and φj(z, x, y) are (local) mode func-
tions computed for the media parameters (including the sound speed profile)
at the point (x, y). Mode functions can be found from acoustical spectral
problems [6, 13, 15]. Numerous methods for its solution have been developed
in the literature [13].
Under the assumption on the adiabaticity of the sound propagation, it can
be shown that modal amplitudes satisfy the so-called Horizontal Refraction










where kj = kj(x, y) is the horizontal wavenumber corresponding to the eigen-
function φj(z, x, y) and ρw is the density in the water column.
3
3. Pseudodifferential mode parabolic equation in curvilinear coor-
dinates
In many cases, it is natural to derive and solve MPEs in curvilinear coor-
dinates. For example, in [8], the authors considered whispering gallery waves
formed in the vicinity of a curvilinear isobath due to the horizontal refrac-
tion of acoustical waves by the sloping bottom. Such waves can be accurately
described in an orthogonal coordinate system where one of the coordinate
lines coincides with the isobath (e.g., if the isobath is circular then the polar
coordinate system should be used). As mentioned in the introduction, there
also exist other propagation problems of shallow-water acoustics where it is
natural to use curvilinear coordinates (e.g., the ducting of sound between the
curved fronts of internal waves). For the rest of this study, we will mostly
associate our coordinates with curved isobaths to have a concrete example
where our results can be applied. However, it should be clear for the reader
that in the general case one family of the curvilinear coordinate lines must
coincide with level sets of the function kj = kj(x, y). If sound speed in
the water is assumed to be constant, these level sets coincide with isobaths.
Furthermore, our approach is also applicable to the solution of PDMPEs in
Cartesian coordinate systems that are sufficient to handle the majority of
sound propagation problems of shallow-water acoustics.
Assume that the source and the receiver are located on the same circular
isobath where whispering gallery waves are excited. Our ultimate goal is to
simulate both these waves creeping along an arc of the circle and direct-path
propagation from the source to the receiver along the circle’s chord. In order
to tackle this problem, as well as more general cases where isobaths have
more complicated forms, we need a WAMPE with an aperture of ±45◦ that
is solved along the isobath.
Let us assume that the isobath that supports whispering gallery waves in
its vicinity is given by a parametric equation
x = X(s) , y = Y (s) , (3.1)
where s is the arclength. We start by introducing an orthogonal coordinate








and has the opposite direction (clearly, the ξ-axis has the same
direction as the unit normal vector n = (Y ′(s),−X ′(s)) to the isobath (3.1).
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Any point (s, ξ) in the vicinity of the isobath has the Cartesian coordinates{
x = X(s) + nY ′(s) ,
y = Y (s)− nX ′(s) . (3.2)





















+ k2jAj = 0 , (3.3)
where we omitted the source term on the right-hand side (this it typical
for the derivation of PEs of various types). In (3.3), the variable coefficient
γ = γ(s, ξ) = 1 + ξκ(s) is associated with the geometry of isobath, and
κ(s) is the curvature of the latter. It can be computed as the length of the














Derivation of PDMPEs corresponding to (3.3) can be greatly simplified
by getting rid of the divergence form with respect to the arclength variable
s. This can be accomplished by the substitution Aj(s, ξ) =
√
γv(s, ξ)1. The























v = 0 . (3.5)
It can be also written in the operator form

























is the transverse operator with respect to the propagation direction along the
isobath.
1Hereafter, we omit the subscript j indicating the mode number, and denote the partial
derivatives by the subscripts s, ξ, etc.
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However, from general considerations, it is known that a better option is
offered by an energy-conserving counterpart [12, 16, 17, 18, 19] of the lat-
ter equation. It can be obtained by introducing a new unknown ϕ(s, ξ) =
4
√





Eq. (3.7) is called hereafter PseudoDifferential MPE (PDMPE). This non-




The general recipe for the computation of an acoustical field can be out-
lined as follows:
1. Compute the modal wavenumbers kj(x, y) by solving acoustical spectral
problems for all (x, y) (in practice, this can be greatly simplified by
using mode perturbation theory).
2. Identify some suitable curvilinear coordinates (s, ξ) in such a way that
the coordinate lines ξ = const coincide with the level sets of the func-
tion kj(x, y) (in many cases, it can be Cartesian coordinate system
(x, y) chosen in a standard way with x-axis connecting the source and
the receiver).
3. For each mode number j, solve Eq. (3.7) and compute v(s, ξ) by the
formula v(s, ξ) := (L̂(s))−1/4ϕ(s, ξ).
4. Evaluate Aj(x, y) by transforming the function Aj(s, ξ) = γv(s, ξ) back
to the Cartesian coordinates (x, y).
5. Use the modal expansion (2.2) to compute the acoustical pressure
P (x, y, z).
4. Numerical solution of the PDMPE: a marching algorithm
Following [12], we introduce a uniform grid {sn} with step size h (i.e., such




1 + X̂)ϕn := Pϕn , (4.1)
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where k0 is the reference wavenumber, L = k
2
0(1 + X̂), and the operator X
is evaluated at the mid-point sn+1/2 = sn + h/2. The exponential operator
P is called the one-way propagator corresponding to (3.7). Note that the re-
spective propagators for narrow-angle MPE in many cases can be evaluated
globally (for arbitrarily large steps) by various operator disentanglement an-
alytical methods (even in the case of variable coefficients of special form, see
[7, 21]). By contrast, the more complicated case of (3.7) can be handled only
numerically.
4.1. Approximation of the propagator P in Eq. (4.1)
In this study we also use the same θ-approximant for the propagator P
as described in [20]










where wn,k is obtained by solving the following auxiliary PDE
(1 + bkX̂)wn,k = ϕn . (4.3)
4.2. Domain truncation and the PMLs
In the majority of practical problems of underwater acoustics, there exist
areas, where the sound field has to be computed, that have no physical
boundaries in horizontal directions. Thus, the problem of artificial domain
truncations naturally arises. It can be solved by introducing a fictitious
boundary at which either an artificial (or absorbing) boundary condition
[22, 23] is set up or a Perfectly Matched Layer (PML) [23, 24, 25] is attached
to the computational domain. In this study, we choose the latter approach.
Assume that the solution of Eq. (3.7) is sought on the domain (ξ, s) ∈
Ω = [−d, d]× [0, smax] (a curvilinear stripe of width 2d containing the given
isobath (3.1)). We increase the width of the stripe by ε from each side
and consider an initial-value problem for Eq. (3.7) on the extended domain





























for a smooth function σ(ξ) which is increasing in ξ on [d, d+ε], decreasing on
[d − ε, d], and such that σ(ξ) = 0 for ξ ∈ [−d, d]. Thus, the operator L̂PML
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coincides with L̂ on [−d, d], and outside this interval the derivatives ∂
∂ξ
in L̂





Our numerical scheme implements the solution of an initial-boundary
value problem for Eq. (3.7) on the domain Ω̄ with homogeneous Dirichlet
boundary conditions of the form ϕ|ξ=±d±ε = 0 at the boundaries ξ = ±d± ε
of the PMLs. Inside the domain Ω, this solution accurately approximates
the solution of Eq. (3.7) on the unbounded domain −∞ < ξ < ∞, s ≥ 0
provided that σ(ξ) is chosen in a suitable way. In the paper, we fix σ to
σ(ξ) = σ0(ξ − d)3/ε3 (in the examples presented below σ0 = 5, ε = 300 m).
4.3. Discretization of the operator X
In order to solve the operator equations (4.3), we must discretize the
operator X. It can be done by many techniques, but for the purposes of this
study it is sufficient to use a standard second-order finite-difference method
on a uniform grid {ξ`}, where ξ`+1 = ξ` + τ . Thus, each operator equation
(4.3) reduces to a tridiagonal system of linear algebraic equations.
4.4. Initial conditions for PDMPE
In computational problems of ocean acoustics, initial conditions for PEs
(usually called PE starters) are chosen in such a way that the solution of
the respective Initial-Boundary Value Problem (IBVP) approximates the so-
lution of the Helmholtz equation (2.1) with a point source on the right-hand
side. Many starters were developed for parabolic equations of various types
(see e.g. [13]) in past decades. In our work, we use the so-called Greene’s
starter












Let us remark that this starter is probably non-optimal for PDMPE, as it
was designed for a rational-linear PE. A development of the starter consistent
with (3.7) will be the subject of a future work.
5. Examples
5.1. Sound propagation in a coastal wedge
In the first example, we consider the sound propagation in a wedge-shaped
waveguide (see Fig. 1) that is a simplified model of a near-coastal area of a
shallow sea. This is a standard test scenario used for validation of various
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3D computational models in ocean acoustics. Although for many approaches
the case of wedge with penetrable bottom is particularly challenging, this is
not the case of MPEs. Indeed, difficulties associated with bottom properties
are all confined to the solution of acoustical spectral problem (i.e., to the
procedure of computation of kj and φj(z, ξ, s)). On the other hand, perfectly
reflecting bottom yields stronger manifestation of the horizontal refraction
effect, and therefore is more suitable for validation of MPE-based models.
Clearly, in this example, it is natural to use rectilinear Cartesian coor-
dinates, where κ = 0 and γ = 1. However, to the best of our knowledge,
the wedge problem has never been solved until now using wide-angle MPEs
or PDMPEs. For our example, we take the bottom slope angle α = 1◦, the
sound frequency f = 100 Hz and the water depth at the source location









Figure 1: Coastal wedge: a simplified model of a shallow sea with sloping bottom. The
variable s is the distance from the source in the direction along the isobath, ξ is aligned
along the depth gradient.
The IBVP for Eq. (3.7) with initial conditions (4.4) is solved on the
domain Ω = {(ξ, s)/|ξ| ≤ 3 km, 0 ≤ s ≤ 14 km}. At the boundaries ξ =
±3 km, PMLs with thickness ε = 300 m are added to the computational
domain. The solution is obtained on a uniform grid with step size h = 2 m
(the discretization step ∆ξ for the operator X is 0.5 m).
The contour plot of the computed solution is presented in logarithmic
units in Fig. 2 (left panel). It is validated by a direct comparison with the
solution provided by the method of source images [26] (see right panel of
Fig. 2). It can be concluded from Fig. 2 that the two solutions are almost


































Figure 2: Acoustical field in a wedge-shaped waveguide computed by the PDMPE (3.7)
(left) and using the source images method [26] (right). The solutions have noticeable
discrepancies near the source (especially in the area of PDMPE sidelobes) but perfectly
coincide in the far-field.
tice the sidelobes produced by PDMPE). For a more detailed comparison,
we plotted the two solutions at ξ = 0 in Fig. 3, and the agreement appears
to be nearly perfect.

















Figure 3: Comparison of the solutions obtained.
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5.2. Whispering gallery waves in the vicinity of a circular isobath (constant
curvature case)
In the second example, we consider the sound propagation in a shallow-
water with circular isobaths depicted in Fig. 4 (depth gradient must have the
same direction as the normal vector to the isobath). As shown in [8], under
certain conditions, horizontal refraction in such a waveguide can result in the
formation of Whispering Gallery (WG) waves [27] localized in the vicinity
of an isobath. The properties of such waves and their modal structure was
studied in [8] using a WKBJ method. In this work, we present the results of
the direct computation of the acoustical field produced by a point source in















Figure 4: An area of a shallow sea with circular isobaths. The variable s is the distance
from the source along the circular isobath, ξ is aligned along the depth gradient. The
depth is constant for ξ > ξ2 and for ξ < ξ1
Let us introduce the polar coordinate system (r, θ) in the horizontal plane
in such a way that its center coincides with the curvature center of the iso-
baths. Let us assume that the bathymetry is described by a linear function
h(r) on the interval [r1, r2] (the same as in [8]), i.e.
h(r) = h(r) =





(r − r1) if r ∈ [r1, r2] ,
h2 if r ≥ r2 .
(5.1)
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The parameters are chosen as follows: r1 = 5.8 km, r2 = 6 km, h1 = 26 m,
h = h2 = 24 m. In this example (as well as in the next one), the water
column and the bottom are isovelocity layers, where the values of the sound
speed are cw = 1500 m/s and cb = 2000 m/s, respectively. The densities
in these layers are ρw = 1 g/cm
3, ρb = 1.8 g/cm
3, respectively. We assume
that an omnidirectional point source of frequency f = 120 Hz is located at
z = zs = 10 m, r = rs = 5800 m and θ = θs = 0. In this case, it is natural
to use curvilinear coordinates as
ξ = r − rs , s = rsθ , (5.2)
since WG waves are expected to be formed in the vicinity of the isobath
r = rs (see Fig. 4).
The considered shallow-water waveguide supports three vertical modes
for all values of r and θ. As shown in [8], the WG-waveguide is formed in
this case only for the highest-order vertical mode, i.e., for j = 3. In turn,
the mode 3 component of the field P3(r, θ, z) = Aj(r, θ)φj(z, r, θ) exhibits a
modal structure in the horizontal plane due to the formation of WG-modes.
The energy transmitted by these modes is localized near the isobath r =
rs, and does not undergo cylindrical spreading. Thus, in the far-field, the
contribution of WG modes becomes dominant as the divergent part of the
field fades away.
The method for the computation of the WG-component of P3(r, θ, z) is
described in [8]. It is based on the WKBJ approximation for the angular
wavenumbers of WG modes and semi-analytical computation of radial mode
functions. The solution magnitude in decibels 20 log10(4πP3) for our example
is shown in Fig. 5 (right panel) at the depth z = zs (the magnitude at 1 m
from the source as the reference level). We also computed P3(r, θ, z = zs) by
solving PDMPE in the curvilinear coordinates (s, θ). The result is presented
in Fig. 5 (left panel), and the comparison with the WG-component of P3
calculated by the method from [8] along the arc r = rs is shown in Fig. 6.
For a better illustration of this result, we also converted the PDMPE
solution to the Cartesian coordinates (see Fig. 7). It can be seen that a
certain part of the acoustical energy generated by the source is ducted in
the vicinity of the isobath r = rs due to the horizontal refraction over the
bottom slope. Although all horizontal rays corresponding to the mode 3
become bent due to this phenomenon, some of them do not get trapped in






































Figure 5: Acoustical field of the third mode A3(s, ξ) in a waveguide with circular isobaths
computed by the PDMPE (3.7) (left) and using the WKB approximation for whispering
gallery modes (right). The solutions perfectly coincide at long range, where the wave field
is dominated by whispering gallery waves.


















Figure 6: Comparison of the two solutions shown in Fig. 5 along the arc r = rs (i.e.,
ξ = 0).
is radiated into the outer space, the remaining part is formed exclusively by
the WG-waves (as shown in Fig. 6).

























Figure 7: Acoustical field in a an area of a shallow sea with circular isobaths where
whispering gallery waves are formed due to horizontal refraction.
Fig. 6 indicates that the PDMPE accurately takes the curvilinear geometry
of the domain into account.
5.3. Dissipation of a WG wave: inflection point of an isobath
In the final example of our study, we consider a problem for which no
analytical solution is available (apparently it cannot be also obtained by the
MPE methods in a Cartesian coordinate system). In this case, radiation of
the energy ducted in a WG-waveguide into the free-space will take place due
to the presence of an inflection point of the isobath. This is an underwater
acoustics counterpart of the WG propagation problem where the boundary
of the domain has an inflection point first considered by Popov and his co-
authors [28, 29] (both analytically and numerically). Some asymptotics of the
field in shadow zones as well as the behaviour of the solution at infinity was
also studied by Babich and Smyshlyaev [30, 31] (see also the recent article
[32] and references therein).
It is known that usual whispering gallery waves are formed near the re-
flective boundary of a convex domain. If at some point the curvature of the
boundary changes its sign (i.e., the adjoint part of the domain is no longer
convex), then the waveguide for WG waves ceases to exist, and the lion’s
share of their energy is radiated into the interior of the domain in the form
of a searchlight beam. At the same time, minor part of the ducted energy
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penetrates into the shadow zone along the boundary after the inflection point.
Clearly, one can expect similar behaviour of the WG waves trapped near a
curvilinear isobath in a shallow sea.
Let us assume that a point source of frequency f = 120 Hz is placed at
the isobath defined by the following formula in a Cartesian coordinate system
(see also Fig. 8) {
x = X̃(t) = x0 − t ,
y = Ỹ (t) = a(t− x0)3 + ax30 ,
(5.3)
where x0 = 4000 m and a = 10
−8 m−2 are fixed constants (and t is a non-
natural parametrization of this curve). First, we introduce the arclength





X̃2(t) + Ỹ 2(t)dt ,
rewrite the curve equations (5.3) as x = X(s), y = Y (s), and compute κ(s)
using Eq. (3.4). The curvature radius 1/κ(s) gradually increases from 5.6 km
at x = x0 (i.e., from s = 0) to +∞ at x = 0. At x = 0, the isobath has
an inflection point where the curvature κ(s) changes its sign (see the dashed
lines in Fig. 8). Let us introduce the curvilinear coordinates (s, ξ) in the
vicinity of this isobath, where s is the aforementioned arclength parameter
of the latter, and ξ is the distance to the isobath from a given point in its








ξ if ξ ∈ [0, ξ2] ,
h2 if ξ ≥ ξ2 .
(5.4)
Obviously, the dependence h = h(ξ) is exactly the same as in the previous
example (although in this case it cannot be related to polar coordinates
as in Eq. (5.1)), but the geometry of isobaths is more complicated due to
the presence of an inflection point at x = 0. All the other environment
parameters (sound speeds, densities, depths, etc) also have the same values
as in the previous example.
In this case we also restrict our attention to the mode 3 component of the




















Figure 8: Radiation of the energy trapped in a whispering gallery waveguide into free-
space. The isobaths h = 24m and h = 26m are shown by dashed lines.
refraction does not lead to the formation of a WG waveguide. The contour
plot of P3(x, y, z = zs) in logarithmic units is presented in Fig. 8. The
bottom is sloping between the isobaths shown in Fig. 8 by dashed lines and
flat outside this area.
From Fig. 8, it is clear that the acoustical energy associated with mode
3 is concentrated in the vicinity of the isobath h = 26 m for x > 0 (thus,
a WG is formed similarly to the previous example). For x < 0, i.e. after
the inflection point, the WG waves form a searchlight beam and are radiated
in the negative direction of the x- and y-axes. The diffracted wave further
propagating into the shadow zone is also visible.
6. Conclusion
In this paper, we derived PDMPEs in orthogonal curvilinear coordinates.
The derived equations can be used for the simulation of one-way propagation
of sound in shallow-water waveguides with complicated bottom environment
inhomogeneities that lead to complicated geometry of horizontal rays and
to manifestation of various sound propagation effects. Some of these effects,
e.g. whispering gallery formation and breaking, cannot be accurately sim-
ulated by using even very wide-angle MPEs in standard Cartesian or polar
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(cylindrical) coordinate systems since the propagation direction can change
by 180◦ at certain distance from the source. Due to the same reason, such
problems also cannot be handled by three-dimensional parabolic equations.
At the same time, the examples in Sections 5.1 and 5.3 cannot be properly
handled by narrow-angle MPEs similar to the equations derived in [27] and
[29]. Thus, WAMPEs or PDMPEs (similar to the one used in [12]) are
required in such cases.
It should be stressed that PDMPEs considered in our work are obtained
under the adiabatic assumption and do not take mode coupling effects into
account. However, for many practical problems, the horizontal refraction
of sound is more important than the mode interaction, especially when the
sound localization near an isobath is expected (or, more generally, near the
level set of the horizontal wavenumber kj = kj(x, y)).
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